Abstract-We propose a numerical method for finding packings of multiple-input and multiple-output (MIMO) semi-unitary precoding matrices in Grassmannian manifolds with different metrics. The proposed expansion-compression algorithm (ECA) is practical, simple and produces efficient packings without the need for a sophisticated initialization. With chordal distance metric, the algorithm tends to converge into a degenerated point constellation, where two points contain identical as well as orthogonal columns and distance between them cannot increase further along geodesic. Therefore, we alternate between max-min and min-max clustering parts of ECA algorithm, where the latter prevents degenerated constellations. With Fubini-Study distance metric, the algorithm converges to best known packings without extra min-max processing.
I. INTRODUCTION
M ULTIANTENNA arrays at the receiver and transmitter create a multiple-input multiple-output (MIMO) wireless channel with multiple degrees of freedom. These degrees of freedom can be used to improve reliability of transmission in fading environments or to obtain higher data rates by means of spatial multiplexing.
With knowledge of channel state information (CSI) at receiver, the transmitter may further steer power towards receiver and avoid transmission into its null-space. The CSI can be fed back from receiver in the form of limited quantized feedback, where the quantization points are called precoding codewords and the set of codewords forms a precoding codebook.
It has been shown [1] , [2] that maximizing the minimum distance between points on Grassmannian manifold maximizes the average mutual information upper bound of a MIMO system with feedback. The optimal distance metric depends on receiver type. Points on the Grassmannian manifold are s-dimensional subspaces in ℂ , and the maximization of the minimum distance between subspaces is also known as subspace packing. Codebook designed by subspace packing is a performance upper bound in i.i.d channels and is often used for benchmarking practical codebooks in this kind of scenario. Moreover, the results of this paper are of theoretical interest and can be used in other applications as well.
Packings in real Grassmannian manifolds were first studied in [3] , and complex packings exploiting the isometrical embedding into the sphere were introduced in [4] . Recently, alternate projection packing was introduced in [5] distance metric. Codebook design by vector quantization using Lloyd algorithm was introduced in [6] , [7] . In this paper, we propose a simple and efficient algorithm to construct packings and design precoding codebooks for i.i.d. channels. The described method is an extension of max-min algorithm in flat surfaces to general curved manifolds, where straight lines are implemented as geodesics. We construct geodesics based on [8] , which is an alternative to [9] .
Many distance metrics exist on the manifold, see e.g. [10] . To demonstrate our algorithm, we have chosen chordal and Fubini-Study distances, both often used in wireless communications. However, the algorithm is universal and can be used with other metrics as well. We have been able to obtain packings close to Rankin bound [11] Ψ with chordal distance and at the moment the best reported packings with Fubini-Study distance. For chordal distance, the original maxmin algorithm is modified to avoid formation of points with identical and orthogonal columns.
II. SIGNAL MODEL
Consider a precoded MIMO system with transmit and receive antennas and unitary precoding. The precoder takes as input an -dimensional vector x of source symbols, [xx H ] = I, and multiplies it with a × semi-unitary precoding matrix W. On each of these beams, ≤ min( , ), an independently modulated and coded data stream may be transmitted. Note that the same power is allocated to all beams due to the unitarity of the precoder. The received signal is given by
where H is the MIMO channel, n is the noise vector whose entries have i.i.d. complex Gaussian distribution with zero mean and variance 2 and ℰ is energy of the symbol. For convenience, the dimensions of the matrices are marked in (1).
III. SPACE OF PRECODING MATRICES
The task of the precoder W is to steer power towards the strongest eigenbeams by matching the right subspace of the channel matrix H. The set of the subspaces forms Grassmannian manifold G( , ), a space of s-ary t-tuples in ℂ invariant to multiplication by unitary matrix from the right.
A. Distances on Grassmannian manifold
Lately, the chordal and Fubini-Study distances have been applied to spatially multiplexed MIMO wireless communication systems. These distance metrics are the consequence of wireless system optimization [1] . The distances between two matrices (points on the manifold) W 1 , W 2 1089-7798/09$25.00 c ⃝ 2009 IEEE can be defined as: 
B. The Geodesic on Grassmannian manifold
The straight lines on manifold are called geodesics and express the shortest path between a pair of points. A line is a geodesic, if curvature vector projected to tangent space at every point of line is zero [12] . For example, on the two-sphere a latitude other than equator is not a geodesic.
In 
where tracks the geodesic Γ, that is Γ(0) ∼ W 1 and Γ(1) ∼ W 2 1 and ∼ stands for equivalence relation.
IV. EXPANSION-COMPRESSION ALGORITHM (ECA)
The max-min algorithm iteratively maximizes the minimum distance between a set of points. In each iteration step, the pair of points with minimum distance are brought apart, are expanding. Thus, one max-min iteration will be in this paper referred further as expansion. In each expansion, we construct a geodesic Γ( ) between the pair of points with minimum distance and move the points apart by setting them to W 1 = Γ(− ) and W 2 = Γ(1 + ), where is the expansion step.
However observing expansion algorithm with chordal distance we noticed convergence into degenerated constellation, explained in the next subsection. Therefore, we employ the min-max algorithm of minimizing the maximum distance and refer to one iteration of this algorithm as compression. In each compression, points with maximum distance are brought together. Analogically to expansion we define as a compression step. Packings with chordal distance and with FubiniStudy distance are discussed in the following subsections. 1 
Let us SVD decompose
W H 1 W 2 = L cos (Φ)R H andẆ 1 = U tan (Φ)V H = W 2 R 1 cos (Φ) L H − W 1 . Further we know that U is or- thogonal to W 1 , U H W 1 = 0. Thus, we may simplify U H U tan (Φ)V H = U H W 2 R 1 cos (Φ) L H from which we derive U H W 2 = sin(Φ)R H and V = L. We have Γ(1) ∼ W 2 if W H 2 Γ(1) is a unitary matrix. Now, W H 2 Γ(1) = W H 2 W 1 L cos (Φ) + W H 2 U sin (Φ) = R cos (Φ)L H L cos (Φ) + R sin (Φ) sin (Φ) = R, which is unitary. There- fore Γ(1) ∼ W 2 .
A. Packings with chordal distance
The squared chordal distance 2 on the geodesic from W 1 to Γ( ) is a function of parameter
We define two points being in degenerated constellation, if by tracing geodesic > 1, the chordal distance decreases eventhough it did not reach the maximum distance. One example would be when = 2 and singular values of W H 1 W 2 are cos Φ 11 = 0 and cos Φ 22 = 1. If the points in degenerated constellation are simultaneously the pair with the minimum distance, the expansion algorithm incorrectly decreases their distance instead of increasing, and the algorithm does not converge to optimal solution. We avoid the degenerated constellations by employing the min-max algorithm, i.e., compression.
To obtain efficient packings, it is important to balance both compression and expansion steps. For large compression step, maximum tends to converge under Rankin bound [11] . For the opposite case of small compression step, the packings tends to converge into degenerated constellation. Empirically, we set Δd = − Δd , where = 1.. is the iteration index. Knowing the distance step Δ we may solve for compression and expansion steps from optimal constellation exists pair of points with distance greater than minimum distance. The compression is not desirable, the steps 2 c) and d) should be omitted.
B. Packings with Fubini-Study
Contrary to chordal distance, Fubini-Study optimal packings have not been reported. Theoretical bounds do not exist but some experimental bounds were introduced in [5] . The packing algorithm described in Section IV-A may be reused with further simplifications. With Fubini-Study distance degenerated constellations do not occur, because zero singular value of W H 1 W 2 implies maximum distance between W 1 and W 2 . Thus, we may omit steps 2 c) and d) of the algorithm. Further, we replace (4) by
V. PARAMETER SETTINGS AND SIMULATIONS By increasing the distance between two points, the distance to other points in constellation may decrease. In order to converge to optimal point constellation, step size Δd[ ] should be decreased for each iteration round ,
For packings in Tables I and II The best obtained diameters with chordal distance for Grassmannian manifold G(2, 4) are summarized in Table I .
The algorithm converges close to Rankin upper bound and for > 13 we were able to obtain larger minimum diameters than reported in [5] . Further, it can be seen that Generalized Lloyd algorithm from [6] produces poor packings with the number of streams ≥ 2 and we also observed that it highly dependens on initialization. The algorithm was run 3 times and the best results were summarized in the table. For example, with MMSE receiver, 10dB received SNR, and = 7 codebook's improved diameter results approximately 2% better capacity when compared to codebook from [6] . The gain comes without extra feedback overhead or increased system complexity. With Fubini-Study distance, the pure expansion algorithm is able to produce better packings compared to [5] . The obtained minimum diameters on G(2, 4) for = {1..17} points are reported in Table II .
VI. CONCLUSION
We introduced expansion-compression algorithm, a numerical packing algorithm for complex Grassmannian manifolds to quantize the set of precoding matrices. We provided the packing diameters for chordal and Fubini-Study distances on G(2, 4) that is relevant to 4×2 antenna configuration specified in LTE. The packing diameter is close to the optimal value for chordal distance and exceeds the best reported packing diameter for Fubini-Study distance.
